ON THE CONVERGENCE OF KRYLOV SUBSPACE METHODS FOR
MATRIX MITTAG-LEFFLER FUNCTIONS

IGOR MORET* AND PAOLO NOVATIf

Abstract. In this paper we analyze the convergence of some commonly used Krylov subspace
methods for computing the action of matrix Mittag-Leffler functions. As it is well known, such func-
tions find application in the solution of fractional differential equations. We illustrate the theoretical
results by some numerical experiments.

1. Introduction. Krylov subspace methods represent nowadays a standard ap-
proach for approximating the action of a function of a large matrix on a vector, namely
y = f(A)v. For a general discussion on the computation of matrix functions we refer
to the book [16]. The convergence properties of Krylov methods have been widely
studied in literature. Among the more recent papers, we cite [21], [13], [6], [2], [19],
[10]. A particular attention has been devoted to the exponential and related functions
involved in the solution of differential problems. Such functions belong to the large
class of entire functions which take their name from Gosta Mittag-Leffler. A general-
ized Mittag-Leffler (ML) function is formally defined in correspondence of two given
parameters o, 5 € C, Rea > 0, by the series expansion

ang(2) = Zk:o m, PSS (C, (11)

where I' denotes the gamma function. The exponential-like functions, involved in
certain modern integrators for evolution problems, correspond to the case of a = 1
and =k =1,2,..., that is, E1 1(2) = exp(z) and

k=2 2J

1
Eqk(z) = gy (exp(z) - Zj:o ]'> , for k> 2.

We have to point out that, till few years ago, even the computation of a ML function
in the scalar case was a difficult task. Only recently efficient algorithms have been
developed [28], [30] and nowadays we are able to treat the matrix case at a reasonable
cost, at least for small matrices. This clearly suggests the use of Krylov projection
methods for the treatment of larger ones. To the best of our knowledge, till now
in literature there are not results concerning the convergence of such methods for
generalized ML functions. Our study wants to give a contribute in order to fill this
gap. Precisely we consider here two methods. The first one is the standard method
(SKM) which seeks for approximations in the Krylov subspaces generated by A and
v. The second one is the one-pole rational method, here denoted as RAM, sometimes
named SI-method, since it works on the Krylov subspaces of a suitable shifted and
inverted matrix. For the matrix exponential, it was introduced in [24] and [11].
Further results and applications can be found in [22], [26], [29], [15], [23], [20].

Our investigations are mainly motivated by the fact that the Mittag-Leffler func-
tions are related to the solution of fractional differential equations (FDEs) arising
in fractional generalizations of several mathematical models (see e.g. [27] for many
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examples). Considering real values of the parameters o and 3, our analysis will try
to emphasize the features of the examined methods in view of their application to
such problems, with a particular attention to the case 0 < o < 1, which is that most
frequently occurring in this context.

The paper is organized as follows. In section 2 we recall the basic properties of
the ML functions, pointing out their connections with fractional differential problems.
In section 3 and 4 we study the convergence of the SKM and RAM respectively. In
section 5 we present some numerical experiments.

2. Mittag-Leffler functions and Fractional Differential Equations
(FDEs). Here we outline some basic properties of the ML functions. During the
paper «, 5 € R. At first we notice that a ML function possesses also some integral
representations. For our purposes we consider the following one. For any € > 0 and
0 < p < 7, let us denote by

Cle,p) = Ci(e, u) U Cole, 1)

the contour in the complex plane where
Cr(e,p) = A A = eexplig), for — i < o < p}
and
Co(e, ) = {A: A =rexp(xip), forr >ec}.

The contour C(e, ) divides the complex plane into two domains, denoted by
G~ (e,u) and G (e, p), lying respectively on the left and on the right of C(e,p).
Accordingly the following integral representation for E, g(z) holds (cf. [27] p. 30).

LEMMA 2.1. Let 0 < a < 2 and B be an arbitrary complex number. Then for
every € > 0 and p such that

an ,
-5 <n < min|[m, ar],

we have

1-p8

1 exp()\i))\T 3
E = ————dA G 2.1
)= g [ I oG, @)

Given a square matrix A we can define its ML function by (1.1). If the spectrum
of —A lies into the set G~ (e, i), for some e and p as in the previous lemma, then by
(2.1) and by the Dunford-Taylor integral representation of a matrix function, we have

1

2amt

Eas(—A) /C( )exp(Aé)A¥(M+ A)Ldx. (2.2)
e

By means of ML functions we can represent the solution of several differential
problems. In particular they are a basic tool dealing with fractional differential prob-
lems. In order to emphasize the importance of the ML functions in this context, we
briefly outline some facts on fractional calculus.

The Caputo’s fractional derivative of order a > 0 of a function f with respect to
the point tg is defined by [3]

WD) = g [ 1=,
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where ¢ is the integer such that ¢ — 1 < o < ¢. Similarly to what happens for
the Griinwald-Letnikov and the Riemann-Liouville definitions of fractional derivative,
under natural conditions on the function f, for « — ¢ the Caputo’s derivative becomes
the conventional ¢-th derivative (see [27] p. 79) so that it provides an interpolation
between integer order derivatives. As well known, the main advantage of Caputo’s
approach is that initial conditions for FDEs takes the same form of the integer order
case.

A peculiar property which distinguishes the fractional derivative from the integer
one is that it is not a local operator, that is the value of ;D¢ f(¢) depends on all
the values of f in the interval [tg,t]. This memory property allows to model various
physical phenomena very well, but, on the other hand, it increases the complexity in
the numerical treatment of the related differential problems, compared to the integer-
order case. We refer to [7], [8], [14], [27] for discussions and references on numerical
methods for FDEs.

As a simple model problem, we consider here a linear FDE of the type

oD7y(t) + Ay(t) = g(t), t >0,
y(0) = vo,

where yo is a given vector, g(t) is a suitable vector function and 0 < o < 1. The
solution of this problem ([27] p. 140) is given by

Y(t) = Eot (—t% A)yo + / (t = )2 B o (— A(t — 5))g(s)ds.

The above formula can be viewed as the generalization of the variation-of-constants
formula to the non-integer order case.

By means of the following general formula ([27] p.25) concerning the integration
of ML functions

1 z
m/o (z— s)”_lEa’g()\sa)sB_lds = z5+”_1Ea,g+V()\zo‘),

for g > 0, v > 0, one obtains, for k£ > 0,
t
/ (t —8)* ' Eqo(—(t — 5)*A)sFds = T(k + 1)t E, o hi1 (—t*A).
0

Accordingly if g(s) = >_1_, s"v, for some vectors vy, k = 0,1, ...q, we get

q
y(t) = Eax(—t*A)yo + > Tk + 1)t By 0y (—t*Ayvg, > 0.
k=0

In the general case, provided that we are able to compute efficiently the action of a ma-
trix ML function on a vector, the above formula can be interpreted as an exponential
integrator for FDEs.

3. The Standard Krylov Method (SKM). Throughout the paper, given a
N x N complex matrix A, we denote its spectrum by o(A) and its numerical range
by W(A4), i.e.,
(x, Ax)

(z,7)
3
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where (-, -) represents the Euclidean inner product. The norm ||-|| will be the Euclidean
vector norm, as well as its induced matrix norm. We denote by IIj the set of the
algebraic polynomials of degree < k. Moreover we assume that for some a > 0 and
0<d <3

= 2

W(A) C Sya={AeC:|arg(A—a)| < 9} (3.1)

JFrom now on let v € CV be a given vector with [Jv|| = 1. Given a suitable
function f, the SKM seeks for approximations to y = f(A)v in the Krylov subspaces

K, (A, v) = span {v, Av, ... ,Am_lv}

associated to A and v. By means of the Arnoldi method we generate a sequence of
orthonormal vectors {v;};>1, v1 = v, such that K,,(4,v) = span{vi,vs,..., vy} for
every m.

Setting V;,, = [v1,v2, ..., ;] and H,, = VEAV,, we have

AVm =V Hpy + hm—i—l,mvm—i-leﬁ- (32)

In the sequel e; denotes the j-th column of the m x m unit matrix and the h; ; are
the entries of Hy,. For every j, the entries h;i1, ;, are real and non-negative. For
m > 2, we have implicitly assumed that b1, ; > 0, for j = 1,...,m — 1. Accordingly,
the m-th standard Krylov approximation to y is given by V,,, f(Hn)ex.

Here we study the convergence of the method for approximating E, g(—A)v. In
this section, for m > 1 we set

Rm = Ea’ﬁ(—A)U - VmEa’g(—Hm)el.

3.1. General error estimates. ASSUMPTION 3.1. Let (3.1) hold. Let 8 > 0
and 0 < o < 2 be such that 5+ <7 —19, >0 and

O;—W < p < minfm, an], p <7 — 9. (3.3)
If Assumption 3.1 holds, since W (H,,) C W(A) from the integral formula (2.2)
we get

1 11—
Ry = / exp(AT AT 5 (N)dA, (3.4)
C(e,n)

2ot

where §,,(\) = (M + A)~tv — V,,(\ + H,;,) " te;. For each A € C(g, ), the following
inequalities can be proved, using (3.2), by some standard arguments (cf. [17], Lemma
1 and [6], Lemmas 1 and 2):

18 (M| < [[AL 4+ A) ™ = Viu (AT + Hy) 7 V| o (Ao (3.5)

for every p,, € II,;, such that p,,(—A) =1 and

I Py, y ||(/\I+A)*1vm+1||. (3.6)

By these facts, below we give some error bounds, with the aim of investigating

the role of the parameters a and (. In the sequel, for A € C(e, 1), we set

D(\) = dist(\, W(—A)). (3.7)
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We observe that, under the previous assumptions, we can find a function v(y¢) such
that, for any A = |\ exp(xip) € C(e, u), it holds

D(A\) > v(p)|Al, with v(e) > v > 0. (3.8)

With this notation, we give the following result.
THEOREM 3.2. Let Assumption 3.1 hold. For m > 1 and for every M > 0, we
have

[ Rl < (3.9)

ﬂ-VerleaJrﬁfl -

exp(M) I3 byt [ N exp(—M (|cos £| + 1))
e (ma—1+p) ’

Proof. Since ||(AM + A)7!|| < D(A)"*and W (H,,,) € W(A), by (3.4) and (3.6) we
obtain

1 1-3
mop ‘exp(/\ﬂ)/\T
Ry < Wizt [PAR
2 D(\)m+1
C(e,p)
Let us set
‘exp()\é))\%
I = — " |d\
= [ o
Ci(e,p)
and
’exp()\é))\%
I, = —|d)|.
2 / D()\)m+1 | ‘
Ca(e,p)
By (3.8) we get
H 1
18_,, [ exp(e~cos¥)
I <27 /1/((p)m+1d¢7
0
and, by simple computations,
2 [ jeos )
ria exp( —r@a |cos £
I2 S Vm+1 rerl
g
+oo
2 exp(—s |cos £|)
= / pr ds (3.10)

Q=

g
20exp(—e= |cos £])

T (ma+ B — ymtlg e

(3.11)

Setting e = M?, the result easily follows. O
By the same arguments, below we derive a further bound, that seems to be more
suited for small a.



COROLLARY 3.3. Let Assumption 3.1 hold. Let m > 1 be such that
ma+ 0 > 0,

then, for every M > 0, we have

exp(M) [T7%, hjt1,
< J ~k(M). 12
||Rm|| — 4l/m+1Mma K’( ) (3 )
where
AM'=F i exp(—M(|cos £| +1))
M) = — a . 3.13
k(M) 0 (oc + M ’cos%’ ) ( )

Proof. With respect to the previous proof we only change the last bound (3.11).
Taking again ¢ = M“, we obtain

+Oor% exp(—r# |cos %Ddr - avexp(—M |cos £)
rmtl - Mmoats ’cos%’ ’

€

|

REMARK 3.4. We notice that, by a more precise evaluation of the term |det(AI + H,,)|
in (3.6) sharper a posteriori estimates could be obtained following the lines of the re-
cent paper [6], where exponential-like functions have been considered.

As expected, since for oo > 0 the ML functions are entire, from (3.9) (as well as
from 3.12) it is possible to recognize the superlinear convergence of the SKM, at least
for sufficiently large m. To do this let us take in (3.9) M = ma + 5 — 1 We realize
that the bound depends essentially on the term

M
exp(1) ~(m m
(M) p—(m+1) Hj:l hj—i—l,j- (314)

Clearly, such term decays only for very large m if a and v are small and the products
H;nzl hjy1,; are large. We recall that such products can be estimated by means of
the well-known inequality

m
[L_, rivrs < lam(A)ell,
that holds for every monic polynomial ¢,, of exact degree m. Accordingly, taking
¢m as the monic Faber polynomial associated to a closed convex subset 2 such that

W(A) C Q, by a result of Beckermann ([1]) and the definition of Faber polynomials,
we get the bound

HFl hjy15 <297, (3.15)

where v denotes the logarithmic capacity of €. Recall that if Q = [a,b] C [0, +00)
then v = (b — a)/4. In conclusion we can say that the term (3.14), for m sufficiently

large, can behave like
exp(1)\ ™ ry\™
_— - . 1
( mao > (1/) (3.16)
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This predicts that the convergence of the standard Krylov method for ML func-
tions can deteriorate as o decreases as well as W(A) enlarges. This fact is confirmed
by the numerical tests.

Beside the above general bounds, in particular situations sharper a priori error
estimates can be derived. Below we consider the Hermitian case. Since we are dealing
with any generalized ML function, following the lines of [17], we use formula (3.5)
choosing suitably the polynomials p,,. An interesting alternative approach could be
that based on the Faber tranform, recently discussed in [2]. Such approach should
be preferable in the treatment of specific ML functions when suitable bounds of such
functions are available.

For our purposes, we recall that if Q is the above subset of the complex plane,
then there is a constant w(2), depending only on 2, such that for every polynomial
p, there holds

Ip(A)] < () ma p(2)].

We notice that if € is a real interval then w(€2) = 1. Bounds for sectorial sets can be
found in [5]. In the general case we have w(f2) < 11.08, as stated in [4]. We refer to
that paper for discussions on this point. Therefore, the application of formula (3.5)
is related to the classical problem of estimating

m(; —2) = min max |pm, 3.17
C ( ) Pm Eg,pm (—2)=1 £€EQ |p (E)‘ ( )

for —z ¢ Q. A general result, which makes use of the near-optimality properties of
the Faber polynomials associated to €2, can be found in [17].

3.2. The Hermitian case. We study the Hermitian case assuming that 2 =
[a,b] C [0,400). Together with (3.5), we employ a result given in [12], Theorem 1 (cf.
also [21] Theorem 4.3) that gives the bound

(3.18)

where
D(u) =u+Vuz—-1 (3.19)

is the inverse Zhukovsky function and

= b+ 2| + |a + 2|

2
() = LA (3.20)
Thus, from (3.4) and (3.5) we obtain the bound
9 ‘exp()\é))\%
Ry < 7/ " |d}\|. 3.21
Hinl = 52 Joresy DOVBC (320

Below we consider in detail the case, frequently occurring in the applications, where
0 <a<1, > a. For the sequel, for A = rexp(ip) € C(e, 1), we set

p(r, ) = /a2 + 1% + 2ar cos p. (3.22)
7



Assume that 0 < a <1 and > a. Let us take p < 5, with 0‘7” < pu < am. Then for
every index m > 1 and for every M > 0 we have

THEOREM 3.5. Assume that A is Hermitian with o(A) C [a,b] C [0,400).

[ R || < k(M) exp(M)P* ™, (3.23)
where
" = B(u(M® exp(ip)))

and k(M) is given by (3.13).
Proof. Referring to (3.21), Now let us set

1 1—3
exp(Aa)A e
L= d\
= | | oovenou|
Ci(e,p)
and
exp(A%)NT
Iy = .
= [ [omeaons| ™
Ca(e,p)

Since p < 7, for A = rexp(ip) € C(e, u) we have
D(A) = p(r, ) =7

and by simple computations one easily observes that the function ®(u(\)) is increasing
w.r.t. 7 as well as decreasing w.r.t. |p|. Let us set ¢ = M“. Therefore we easily get

2M =B exp(M)

I < S (3.24)
Moreover
too 1-p 1
r~a exp(—ra |cos £|)
I <2 & dr. 3.25
2= / S(u(resp(in)mr (3.25)
Thus
% [
I, < (I)*O:n / s P exp(—s ’cosg’)ds (3.26)
M
and
20eM P exp(—M ’cos ED
2 < =,

Pxm |cos ﬁ’
«

Hence, from (3.21) and by (3.24), we obtain (3.23). O
In order to satisfy the assumptions of Theorem 3.5 , if 0 < o < %, we can take

= am. If % < a < 1 then p = 3 is allowed. Below, for u = 5, we state further

formulae for x(M) in (3.23) when « is close to 1
8



COROLLARY 3.6. Let the assumptions of Theorem 3.5 hold and moreover assume

3<a<landp=7%. Then (5.23) holds with

w(a) =210 220 exp(_ﬂ;f;f’ SO e

If in addition 8 > 1, then (3.23) holds also with

K(M) =20 F(L 4 Zexp(_:r\g'c_oifl D) (3.28)

Proof. With respect to the proof of Theorem 3.5 we modify only the bound for
I5. Observing that, for r > ¢,

4r

D(ulir) > 7=,

from (3.25), setting again € = M, we obtain

+oo
- aM*P\b—a [ exp(—s]|cos =)

_[2 < (ﬁ*(m_%) 837(1 dS
M
—2 B+l p ~ M |lcos =
< 2aM ™2 1\/b a exp( |cos =) (3.29)
H*(m—3) (3 — 2)

Hence (3.27) follows.
If 8 > 1 from (3.26) now we obtain

20M 15
Iy < —/—
g-1
and hence (3.28). O

We observe that the well-known relationship

1
Eop(2) = Ea,a+8(2)2 + TG
allows to use formula (3.28) even when o +5 > 1.

In the practical use of (3.23), with (3.13), (3.27) or (3.28), one can take M that
minimizes the corresponding right-hand sides. In the theorem below we show that,
suitable choices of the parameter M, yield superlinear convergence results which can
be viewed as extensions of those given for the exponential function in [9], [17] and [2].

For the sake of simplicity, below we assume a = 0. The notation «(M) refers to
any of the three formulae stated above.

THEOREM 3.7. Let the assumptions and notations of Theorem 3.5 and Corollary
3.6 hold. Assume L < a <1 and let p = 5, a=0. If, for c=0.98,

2
- ()7

9




then
Rl < gmr(M), (3.31)

where

Moreover, if

(n\}g) B ) Z (3.32)
then taking
o <\£B> é (nﬁ) - ’ (3.33)
(3.81) holds with
g = eXp(ng)m (n@m |

Proof. Now, referring to (3.19), (3.20), we have ®* = ®(u(iM*)) and we realize
that

[e3

M
w(iM®) 2 1+ ——. (3.34)

If we take M as in (3.30) then MTQ < 1 and it can be verified (cf. [17] Th. 2) that
this implies

M()L
D (u(iM*) > exp(c ZT) (3.35)
Thus we find
exp(M) Me
I S _ Ty — )
Slaiho)" = exp(M — cmy /2 5 ) = gm

and the first part of the statement is proved.
The second part follows from ®(u(iM®)) > 4= that is

2 (ma\Te
S(u(iM*)) > — | — .
=5 (2)
]
REMARK 3.8. [t is interesting to give a look to the case a — 0, for g =1. We
recall that Eg1(—2) = (1+2)71, 2| < 1. From (3.23) and (5.13) setting p = ar and
M =1, letting « — 0 we find

(rexp(1) + exp(~1)

4
”Rm” S W(I)(u(l))m

So we have retrieved the classical bound for the CG method, where the convergence
depends on the conditioning.

10



4. The Rational Arnoldi Method (RAM). Let Assumption 3.1 hold. Let
h > 0 be a given real parameter and let us set

Z = (I+hA)™".

Now we approximate y = f(A)v in the Krylov subspaces K,,(Z,v). We assume again
that such subspaces are constructed by the Arnoldi method. Accordingly, now we
get a sequence {u; }j>1 of orthonormal basis-vectors, with u; = v, such that, setting

U = [u1,usg, ..., U], we have
ZU,, = UpSm, + smﬂ’mumﬂe%, (4.1)

where S,,, = U ZU,,, with entries 54,5, is a mxm upper Hessenberg matrix. Moreover
we have W(S,,) C W(Z). The m-th approximation to y = f(A)v is now defined by
Ym = Vi f(Bm)e1, where B, satisfies

(I+hBy,)S, =1.
Here we call this the Rational Arnoldi Method (RAM). We notice that in general

B, # U,IjAUm.
Let us set

1
Y= 7(1 + hCl)_l,
2
and
Sﬁ,,\/ = 21970 n D’Y’

where D, is the disk of center and radius .
LEMMA 4.1. Assume (3.1). Then

W(Z) C Sy, (4.2)
and for every m
W(By,) C Xy.q- (4.3)
Proof. From
<z, Zx> <({I+hAyy>
- SUEMNYZ -z,
<z, x> <zr,x>
we get
4 14+ h7y
<z Zr> _ (L+hm) (4.4)
<z, x> 1—|—2hRe77+h2”|"47T“L
y
with 7 € W (A). Therefore, since |n|* < Hll\?jll\‘f we obtain
Zz >|? Z
‘< Rk >‘ < (1+hRen)_1Re7< ikl >.
<z, x> <z, r>

which, together with (4.4), gives (4.2).
11



In order to prove (4.3), recalling that S, = UH ZU,,, for any z(# 0) € C™ we
have

<z,r> < Sy, Smy > B
< ZUpy, Uny >

< ZUpy, PnZUpy >

< ZUpy, ZUpy > +h < ZU,y, AZU,y >

= 1.
< ZUpny, PnZUpny >

< x,Bnr > < Spy,y >
h X X o Yy 1

where P, = U,,UH is an orthogonal projection. Therefore

<& Bmz > (1+hn) 1ZUnyl®
<z,r> | P ZUpy |2

1, (4.5)

for some n € W(A). Since
1ZUmy]*
HPmZUm7JH2 -
by (4.5) we get (4.3). O
4.1. General error analysis. Now let us set
R,, = Eyg(—A)v — UpEq g(—Bp)er.

Let (3.1) hold. Clearly, by Lemma 4.1 we have o(—A) Uo(—B,,) C G~ (g, p) for
every m and therefore

1

B = 5

/ exp(AF AT by (\)d, (4.6)
C(e,p)

where
bn(N) = (M + A) "o — Uy (M + By,) " ter.
From now on, for each A\ € C(g, i) let us set
w(A) = (hA —1). (4.7

Since (Al + A)~! = hZ(I + w(N\)Z)~t and (M + B,,)"! = hS,(I + w(N)S,,) 1, for
every h > 0 and for every m > 1, by (4.1), one realizes that for ¢ € C™, with el ¢ = 0,

(M +A)™" = Up (M + Bp) U+ w(A) Z)Upe = 0
and therefore
bn(N) = (M + A~ — U (M + B,,) 'UH ) p, 1 (Z)v, (4.8)

for every p,,—1 € II,,,_1 such that p,,_1(—w(\)~!) = 1.
In order to state a convergence result for the case 0 < o < 1, we set

d(\) = dist(—w(\) ", W(2)),
12



and we make use of the following lemma.
LEMMA 4.2. Assume (8.1). Then, for every h > 0 and for every 0 < p < 7,
setting

7 = min[9, y
and taking

1
€= ,
hcosp

there ezists a positive constant dy such that, for A € C(e, ), we have
d(\) > do |w(N) 7. (4.9)

Proof. The result follows by (4.2). In fact, at first one verifies that (4.9) holds
true whenever Re(—w(\)~!) < 0. For A € C(e, i), this condition is verified if p =
and moreover when p = 1, A = rexp(+ip),r > € and £ cosgp > cos?. Furthermore,
in all the remaining cases when p = ¢, one easily realizes that there is C' > 1 such

Im(—w(N) 1)
THEOREM 4.3. Assume 0 < o < 1 and B > «. Then, there exists a function

g(h), continuous in any bounded interval 0 < hy < h < ha, such that, for m > 2,

g(h)

m—1’

[ Bl <

for every matrix A satisfying (3.1).
Proof. Since 0 < o <1 we can take 4 < pu < 3, u < ar. Let us take

1
~ hcosp’

with p = min[J, p] so that (4.9) holds. Let x > 0 be the logarithmic capacity of
W(Z). Let {Fi};~q, be the sequence of the ordinary Faber polynomials associated
to W(Z). Then, by results in [1] and [24], Lemma 4.3, for —w(\)~* ¢ W(Z) and for
k > 1 one gets the bound

IF2I _ 8x
[Fe(—w() D] = k(N

By this inequality, from (4.6), (4.8) and using (3.8) we have

8
IRl < —2X /
(m —1)mav
Cl(e,p)

1—

exp()\%))\ =
Ad(N)

1d)|. (4.10)

It can be seen that the integral in (4.10) is bounded by a continuous function of h.
Indeed, let




and

1 1—
exp(Aa )\
I, = dA
CI(EHU')
By (4.9), we obtain
2+ r
I < exp (5i Cos f) c(p)dep, (4.11)
d() «
0
where
V/1+cos2p — 2cospcosp
c(p) = = :
cosp
Therefore from (4.11) we get
2u(h cosﬁ)% exp ((h cosﬁ)_§> c(p)
L < . (4.12)
do
Furthermore for A = rexp(+ip),r > ¢,
lw(\)| = hry/1 + (hr)=2 — 2(hr)~1 cos u < V/2hr. (4.13)
Thus, by (4.9) and (4.13) we get
+oo
2v2h 1 W\ 1=8
I, < exp (—rn COS—D r o dr
do (0%
g
“+oo
20/2h / " a—p
< exp (—s ‘cos fD s ds
do «
gé
and finally
8 .\ B—a 1
2a/2h = (cosp) = exp (—(h cosp) e |cos & ’)
I < (4.14)

do ’cosﬁ’
«

By (4.10), the last bound together with (4.12) gives the thesis. O

Even if only qualitative, the above result is important since it points out that,
contrary to the SKM, the convergence of the RAM cannot deteriorate as W (A) en-
larges and moreover that it is uniform with respect to h in any positive bounded
interval.

REMARK 4.4. As in Remark 3.8 let us consider the case 8 =1, for a — 0. We
expect that making h — 1 the error vanishes. In fact, looking at (4.14) and (4.12)
one can realize that this actually occurs. Take for instance, for small o, p = am and
h = a% and observe that c(u) — 0.

As for the SKM, more precise a priori error bounds can be obtained taking into
account of specific situations, as we show below dealing with the Hermitian case.
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4.2. The Hermitian case. If A is Hermitian with o(A4) C [a, +00), referring
to (3.8) and (3.22), for A = rexp(ip) we have

D(X) = p(r,¢) = ple, p), for 0 < |g| < % (4.15)
and
D(X\) > rlsing|, for g < |p| < 7. (4.16)

THEOREM 4.5. Assume that A is Hermitian with o(A) C [a,+c0), a > 0. As-
sume 0 < o < % and B > «. Then for every m > 1 we have

KiQh= N Koha xp( hw
o(—
L+ vamt m—12 7R

([ B < ) (4.17)

where
m—1

Q= max exp (h_é cos f) (I —cosp) 2 |
0<|p|<3em !

and Ki, Ko are (small) constants.

Proof. At first we state a general bound that holds for 0 < a <1 and % < pu <
an. Hence we will derive (4.17).

Let us take take e = h™!. In (4.8) we apply (3.18) with (3.20), with z = w(\) 7!,
taking into account that, by Lemma 4.1, W(Z) C Q = (0,1]. So doing, referring to
(3.17), we get

2
(2 —w(N) 7 <
Gn(—u ) ) < g
where
JwN) +1]+1
lwN)|
For A € C4(e, u), we obtain
9 3
v (1 — cosgo) '
Thus
T —coso
B(u)~t = ( Sk S (4.18)
V2 + /1 + cos %)
Furthermore for A = rexp(+ip), 7 > h™1, we easily get
hr+1
u= ,
[w(A)]

and then

D) = f(r) = V22 + 1 —2hrcosp (4.19)

C hr+ 14 2hr(1 + cosp)
15




Therefore, combining (4.18) and (4.19), from (4.6) and (4.8) we obtain the error bound

4 B-l-a
”Rm” < 7(h o Iy + Jm)7 (420)
aT
where
A -1 V1—cosy m—1
exp (h i COS%) (Vs
I = . dep, (4.21)
D(h=1exp(ip))
0
and

dr.

T20r 5 exp (77’% |cos%|) flrym=1t
Im = / D(rexp(iu))
1
"

Now let 0 < a0 < % and let us take u = 3‘%. Since hr > 1, r > ¢, and since now
p < % we have D(rexp(ip) > r and we find that

Fr) < (14 =), with n =

1
Vhr V2

Accordingly,

o [ s Pexp (- _m=Dn 1\,
: (-~ )

Now, one verifies that, for every ¢ > 0, for s > 0 it holds that

s~ exp(—cs~ ) < (i>2exp(—2).

Therefore we get

+ s
4 16h(1+ )2 exp(=2) P (~25)
—Jm < d
T mn2(m — 1)2
1

h™ «
By this inequality and by (4.21) with (4.15), from (4.20) the result follows, with
K =3 Ky = 16\/5(1+n)zexp(—2) o

) ™ .

We notice that, by the arguments used above, bounds like (4.17) can be derived
from (4.20) also for 2 < a <1, 8 > o
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We do not make here a detailed discussion on the choice of the parameter h in the
general case.We are convinced that, as it occurs for the matrix exponential, a value
working well in the Hermitian case should work well in most of the cases, at least
when the angle 1 is not close to 5. In the Hermitian case a reasonable choice could
be that minimizing the right-hand side of (4.17) (or of (4.20)). Below we suggest a
value, independent of 3, which ensures an exponential-type error bound.

COROLLARY 4.6. Let the assumptions and notations of Theorem 4.5 hold. For

Jam

any fived m > 2, taking, for any T > 2(1 — cos =47),
T (0%
h= 4.22
() (422)

=1 (m —1)=(=1 N Ko7? exp(— (m—1)
irvart e yee P

Proof. Put the assigned value of h into (4.17) and observe that @,, <1 .0

In the case 8 = 1, one could also take h by an heuristic criterion that often turned
out to be satisfactory in practice. We know that for § =1 and a« = 0, h = 1 is the
obvious choice. On the other hand, for the exponential case, i.e., § = a = 1, optimal
values of h are known, see [24], [11] and [29]. Thus it seems reasonable to adopt an
interpolation between these values.

Referring to the applications described in Section 2, for the computation of
E,g(—t*A), our arguments lead to take h depending on ¢. However, for obvious
computational reasons, we are interested to maintain the same h for a (large enough)
window of values of ¢. This aspect will be subject of future investigations.

We want to point out that, in many cases, as for instance dealing with discretiza-
tions of elliptic operators, the RAM exhibits a very fast convergence and the a priori
error bounds turn out to be pessimistic. As it is well known this fact often occurs in
the application of Krylov subspace methods and it is due to their "good” adaptation
to the spectrum (see [18]). Thus, in order to detect the actual behavior of the RAM,
a posteriori error estimates could be more suitable. For instance, working on the lines
of [24] and [6], for m > 2 one can consider in (4.8) the polynomial

~ det(Sy—1 — 21)
 det(Spm_1 +w(A)"H)

we have

K,
[ Rl <

).

pm—l(z)

Since, as it is well known,

Hmfl ) )
j=1 Si+1l,j

Hpmfl(Z)vH = |d€t(5m_1 +w(/\)—1[)|a

taking into account of (3.8) we obtain the a posteriori bound

[l <

et e
Hj:1 Sj+1,5 / ‘exp(/\ & ‘d)\|

|A |det(Spm—1 + w(A)~1I)]

Tav
C(e,p)

We recall (c.f. [25]) that in several important situations the products H§=1 Sj+1,5
have a rapid decay, so producing a very fast convergence. Here we do not dwell more
upon the implementation of such error bounds, to which we plan to devote a detailed
study in a future work.
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iterations

Fi1G. 5.1. Approxzimation of (5.2) at t = 0.1

5. Numerical experiments. In order to make some numerical comparisons
between the rational and the polynomial method, we consider initial value problems
of the type

oDfy(t) + Ay(t) = g(t), ¢>0, (5.1)
y(0) = vo.

Here we report some results concerning the two simple cases of g(t) = 0 and ¢(t) =
g # 0 that lead respectively to the solutions

y(t) = Eo1(—t*A)yo, (5.2)

and

y(t) = yo + 1" Eqar1(—t*A)(g — Ayo). (5.3)

Regarding the choice of the matrix —A we discretize the 2-dimensional Laplacian
operator in (0,1) x (0,1) with homogeneous Dirichlet boundary conditions using cen-
tral differences on a uniform meshgrid of meshsize 6 = 1/(n + 1) in both directions.
In this case equation (5.1) is a so-called Nigmatullin’s type equation. In each example
we have set n = 30 so that the dimension of the problem is N = 900. Moreover we
set yo = (1,..1)T /V/N.

In all the experiments, referring to the rational method, we have taken h = 0.05.
In Figs. 5.1 and 5.2 we have plotted the error curves (with respect to a reference so-
lution) of the rational and standard polynomial Arnoldi methods for the computation
of y(t) at t = 0.1 and ¢ = 1, in the case of ¢g(¢) = 0 (i.e., with exact solution given by
(5.2)) with & = 0.3 and o = 0.8.

Figs. 5.3 and 5.4 regard the approximation of y(t) defined by (5.3) with g = yo/2,
again at ¢ = 0.1 and ¢ = 1. In both cases we have set « = 0.5.

Finally in Fig. 5.5 we compare the error of the rational Arnoldi method with
the error bound given by formula (4.20) for the computation of (5.2) in the case of

18
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log10(norm2(error))
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alpha=0.3
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F1G. 5.2. Approzimation of (5.2) att =1

—— polynomial
—6— rational

. .
0 5 10 15 20 25 30 35 40 45

iterations

F1G. 5.3. Approzimation of (5.3) att = 0.1 with o = 0.5.

o = 0.5 and t = 1. For this case, accordingly with Corollary 4.6 we choose h = 0.4,
that approximates the result of formula (4.22) when we set m = 10 as the expected
number of iterations for the convergence.

REMARK 5.1. The numerical experiments have been performed using Matlab.
In particular for the computation of the projected functions of matrices we have
used the classical approach based on the Schur decomposition together with the Mat-
lab function MLF.m developed by Igor Podlubny and Martin Kacenak available at

www. mathworks. com [28].
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